In this paper we derive boundary integral identities for the bi-Laplacian eigenvalue problems under Dirichlet, Navier and simply-supported boundary conditions. By using these integral identities, we first obtain uniqueness criteria for the solutions of the bi-Laplacian eigenvalue problems, and then prove that each eigenvalue of the problem with simply-supported boundary conditions increases strictly with Poisson's ratio, thereby showing that each natural frequency of a simply-supported plate increases strictly with Poisson's ratio. In addition, we obtain boundary integral representations for the strain energies of the vibrating plates under the three boundary conditions.
Introduction
The bi-Laplacian boundary value problems with Dirichlet, Navier and simplysupported boundary conditions are classical boundary value problems. Among these problems, Dirichlet and simply-supported problems are of more importance in solid mechanics. In this paper we shall first study the eigenvalues of the three problems, and then pay special attention to the simply-supported problem, in contrast to many publications which only focused on the other two problems. In fact, the Navier boundary conditions are a special case of the simply-supported boundary conditions and the Dirichlet (clamped-edge) problem can be approximated by the simply-supported boundary value problem if the interior domain is far enough from the boundary.
It is known that resonance problems are a major concern in mechanics. Resonant frequency of a solid structure is an instrumental parameter that greatly affects the structural dynamic behaviors governed by the solid mechanics theory [1] , [2] . In this section, we shall simplify the simply-supported boundary conditions and give the problem statements for the three types of the eigenvalue problems. F. Rellich introduced a trial function n k=1 x k ∂u ∂x k = x · ∇u, applied it to the Dirichlet Laplacian operator and obtained a boundary integral identity for the Dirichlet Laplacian problem in 1940 [3] . This idea has been generalized and applied to elliptic PDE problems [4] , [5] , [6] . In order to show the dependence of the eigenvalues on the parameter in the boundary conditions of the vibrating plates, we shall follow Rellich's idea to derive three boundary integral expressions for the Dirichlet, Navier and simply-supported bi-Laplacian problems and shall establish uniqueness criteria for the solutions of the eigenvalue problems in Section 2. Based on these integral identities for the bi-Laplacian problems we show how the eigenvalues of the simply-supported problem and the resonant frequencies of the vibrating plate are influenced by Poisson's ratio through the new uniqueness theorems in Section 3. In addition, we derive three boundary integral expressions for the strain energies of the vibrating plates at resonance using the boundary integral identities. These boundary integral expressions can be used to calculate the total strain energies when only boundary value data of the plates are available.
Dirichlet and Navior Bi-Laplacian Problems
Assume that Ω ⊂ R n , n ≥ 2, is a bounded domain having a C 4,β boundary ∂Ω (0 < β < 1). Let Λ be an eigenvalue for which the Dirichlet eigenvalue problem,
in Ω,
has a nontrivial solution, and let λ be an eigenvalue for which the Navier eigenvalue problem,
has a nontrivial solution, where △△ = △ 2 denotes the n-dimensional bi-Laplacian and U and V are respectively the eigenfunctions of Problems (1) and (2).
Simply supported Boundary Conditions
The supported boundary conditions (short for simply supported boundary conditions) in their standard form obtained from their mechanical property and implementation manner have been applied to the bi-Laplacian problems [1] , [5] . These conditions are natural, based on the physical ground. In this subsection, we shall first simplify the standard form, and then define the corresponding eigenvalue problems.
We consider a thin elastic plate which is assumed to be homogeneous and isotropic under the supported boundary conditions:
where W is the deflection of the plate in the vertical direction and M ν is the bending moment with respect to the ν direction. These boundary conditions in two dimensions can be expressed as (See [10] , Expression (110), p.94.)
where µ is Poisson's ratio, an elasticity constant (0 < µ < 1), the normal unit vector ν is directed outward from Ω and θ is the angle between the normal ν and x-axis (cosθ = cos(x, ν) = ν x ). It is shown that the factor in the square brackets of the above equality is equal to
∂ν 2 | ∂Ω (See the appendix to this paper). This can be written as
Thus, we obtain
Using the above definition and the relation △W | ∂Ω =
where κ is the mean curvature of ∂Ω and c 0 = (1 − µ)κ ≥ 0 for convex domains.
The Supported Bi-Laplacian Problem and Basic Identities
We are now in a position to define the supported bi-Laplacian eigenvalue problem. Let Ω ⊂ R 2 be defined as in Subsection 1.1 and let γ be an eigenvalue for which the bi-Laplacian eigenvalue problem under the supported boundary conditions,
has a nontrivial solution. Elliptic regularity theorems ensure that Problems (1), (2) and (3) will respectively have nontrivial solution U , V and W ∈ C 4 (Ω). Assuming that α and u are the eigenvalue and the corresponding eigenfunction of Problem (1) or (2) or (3), Green's identities show that
The common boundary condition of Problems (1), (2) and (3), (1) and (2), both the first and second surface integrals on ∂Ω vanish. Therefore, the eigenvalues of the two problems can be expressed by the same formula
where u can be U or V . For Problem (3), the identities shown in (4) shows that
The positiveness of the eigenvalues are proved by the theory of elliptic partial differential equations [6] , [7] , [8] .
Boundary Integral Expressions for Bi-Laplacian Problems
Theorem 2.1 Let Ω be defined as in section 1.1 and let U be a nontrivial solution of Problems (1). Then, Let Ω be defined as in section 1.1 and let U be a nontrivial solution of Problems (1). Then,
Theorem 2.3 Let Ω be defined as in subsection 1.2 and let V be a nontrivial solution of Problem (2) . Then,
Theorem 2.5 Let Ω be defined as in subsection 1.3 and let W be a nontrivial solution of Problem (3). Then,
Proofs of theorems 2.1, 2.3 and 2.5
We first multiply both sides of the bi-Laplacian eigen equation of Problems (1), (2) and (3) by the test function (x · ∇u), and integrate over Ω to obtain
Applying Green's theorem to (10), the right-hand side of (10) becomes
and the left-hand side of (10) becomes
The (generalized) volume integral term of the right-hand side of (12) can be written as
where ν j = cos(x j , ν). The volume integral term of the right-hand side of the above equality can be further written as
From (4), we have
Expressing Ω (△u) 2 dΩ in terms of the integrals in the above equality, (13) becomes
Substituting (14) into (12) and equating the result to (10), the following identity results
where the relation
is used. After cancelation, the above identity can be written as
We first consider the Dirichlet boundary conditions of Problem (1). Let u = U , α = Λ and U | ∂Ω = |∇U || ∂Ω = 0; then (15) becomes
Solving for Λ using
Based on the fact that the eigenvalues of Problems (1) are greater than zero, we obtain Corollary 2.2 Problem (1) admits only a trivial solution U ∈ C 4 (Ω) for Ω ⊂ R n , n ≥ 2 if
Secondly, we impose the Navier boundary conditions of Problem (2). Let u = V , α = λ and V | ∂Ω = △V | ∂Ω = 0; then (15) becomes
Solving for λ, we obtain
Based on the fact that the eigenvalues of Problems (2) is greater than zero, we obtain Corollary 2.4 Problem (2) admits only a trivial solution
Since △V | ∂Ω = 
Next, we impose the supported boundary conditions of Problem (3). We assume the domain Ω is convex, which is the common case for plates. Letting u = W , α = γ, n = 2 and inserting W = 0| ∂Ω and △W = c 0
with c 0 > 0. Solving for γ, we obtain
where the relations Based on the fact that the eigenvalues of Problems (3) are greater than zero, we obtain Corollary 2.6 Problem (3) admits only a trivial solution
Corollary 2.7 Corollaries 2.2, 2.4, 2.6 illustrate that a nontrivial eigenfunction cannot simultaneously be an eigenfunction of the Dirichlet and supported (or Navier) plate of the same shape.
Application to Solid Mechanics
Plates (short for elastic uniform-thin plates) are a particular two-dimensional representation of a three-dimensional solid, which have a much smaller thickness in comparison with the in-plane dimensions [1] , [2] . In the following, we will apply our theorems and corollaries to vibrating plate problems. Since ∂W ∂µ is continuously differentiable, we obtain
Effect of Poisson's Ratio on Eigenvalues of Supported Problem
Therefore,
Integrating both sides of the above identity in Ω and using the Green's identities, the left-hand side of (17) becomes
Using △△W = γW and identity (17), and imposing the supported boundary conditions W | ∂Ω = 0 and
, we obtain Hence,
which shows that γ is a nondecreasing function of µ. Furthermore, for those domains with κ > 0 on ∂Ω, from (19), we obtain that if (1−µ 2 ) , E denotes the modulus of elasticity and h is the thickness of the plate. Therefore, Theorem 3.1 leads to the following corollary.
Corollary 3.3 Each natural frequency of simply-supported convex plates with κ > 0 increases strictly with Poisson's ratio.
The property of the internal parts of the plates far enough from the boundary can be approximated by the clamped boundary conditions, and thus the result is applicable to the Dirichlet problem in the internal parts.
Boundary Integral Identities for the Eigen-Problems
The Strain energy of a mechanical structure provides a good measure for exceeded stresses and strains or exceeded strain energy in the structure. It is often used, with certain failure criteria of materials, to evaluate if a structure under certain loads is in a safe condition. Identities representing the strain energy conservation of elastostatic problems have been developed and used to prove the uniqueness of the equilibrium solutions in elastostatics [12] , [14] .
For the Dirichlet Problem (1), applying Theorem 2.1 and (5), we have
Multiplying both sides of the above identity by Ω U 2 dΩ, the following identity yields
For the Navier Problem (2), applying Theorem 2.2 and (5), we have
Multiplying both sides of the above identity by Ω V 2 dΩ, the following identity yields
For Problem (3), applying Theorem 3.5 and (6), we have
where c 0 (x) = κ(x)(1 − µ). Multiplying both sides of the above identity by Ω W 2 dΩ, the following identity results
Boundary Integral Expressions for Stain Energies
In the following we shall derive the boundary-integral expressions for the strain energies of the vibrating thin plates. The general expression for the strain energy of a bent thin plate is given as (See [10] , p.95.)
where u is the deflection of the plate in the vertical direction and the integration is extended over the entire surface of the plate. Here u can be the solutions of Problems (1), (2) and (3). In the derivation of the strain energy expressions the following identity is needed (See [13] , p.87)
with κ > 0. Under the Dirichlet boundary conditions this identity reduces to
Under the Navier or supported boundary conditions this identity reduces to
For the Dirichlet Problem, setting n = 2 and substituting (20) and (24) into (23) we obtain
where E D s is the strain energy of the resonant plate under the Dirichlet boundary conditions.
For the Navier Problem, setting n = 2 and substituting (21) and (25) into (23) we obtain
where E N s is the strain energy of the resonant plate under the Navier boundary conditions. For the supported plate problem, setting n = 2 and substituting (22) and (25) into (23) we obtain
where E S s is the strain energy of the resonant plate under the supported boundary conditions. The supported problem can be modeled as a hinged plate attached to the boundary with a torsion spring. When the spring constant goes to infinite, the problem becomes a clamped boundary plate. 
Let cosθ = cos(x, ν) = ν x , sinθ = cos(y, ν) = ν y and define 
This complete the proof of the equality.
